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Abstract

Graph learning problems are commonly approached using Message
Passing Neural Networks (MPNNs). Yet, MPNNs face well-known
limitations such as oversmoothing, oversquashing, and restricted expres-
sivity. Graph positional encodings (PEs) have been proposed to mitigate
these issues by injecting structural information into MPNNs as well as
into alternative architectures that would otherwise be structure-agnostic.
The Euler Characteristic Transform (ECT), a tool from topological data
analysis, characterizes shapes by tracking the evolution of their Euler
characteristic across multiple directions. In this thesis, we introduce
LEAP, a novel graph PE based on the local ECT (l-ECT). We integrate
LEAP into graph neural architectures in an end-to-end trainable man-
ner. Experiments on real-world and synthetic datasets show that LEAP
consistently outperforms established baselines and captures topologi-
cal features in tasks where standard MPNNs struggle. These findings
highlight the potential of LEAP as a powerful tool for graph learning
problems.
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Chapter 1

Introduction

In multiple domains such as high energy physics, biomedicine, and social
sciences, data can often be naturally represented as graphs [35, 4, 37, 46, 44].
As a result, many prediction problems in these areas are tackled using Graph
Neural Networks (GNNs) [11, 14]. By iteratively propagating and aggregating
information across nodes and edges, a process known as message passing,
GNNs have achieved strong performance on both node-level and graph-level
prediction tasks.

Despite their success, standard message-passing architectures still face impor-
tant limitations [45, 6, 15, 43]. From a theoretical perspective, conventional
message-passing models such as GCNs have been proven to be at most
as expressive as the 1-dimensional Weisfeiler–Lehman test [24, 6]. From a
practical perspective, message-passing architectures often suffer from over-
smoothing [33, 48] and oversquashing [8], which limit their ability to assign
distinct hidden representations to nearby nodes and to capture long-range
dependencies in the graph.

In recent years, several GNN variants have been developed to overcome
these shortcomings. Some approaches focus on modifying the traditional
message-passing paradigm to achieve provably stronger expressivity bounds,
as in the case of GIN [45]. Other approaches alter the original graph structure
by adding virtual nodes or edges to improve information flow through
the model [1]. A particularly prominent direction, inspired by the success
of Transformer models in Natural Language Processing (NLP), consists in
combining message passing with global attention mechanisms to capture
long-range dependencies more effectively [27, 3, 34].

In this context, positional encoding (PE) for graphs [27, 15, 11] arises as a
mechanism to enrich node features with information about a node’s role
within the graph or its local neighborhood. Graph PEs are particularly
relevant when working with architectures that do not directly account for
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1. Introduction

graph structure, as it allows them to leverage connectivity information that
may be crucial for the task at hand [27]. Moreover, the use of graph PEs has
been shown to enhance performance even for conventional message-passing
GNNs [20, 12].

The concept of node position in a graph admits several interpretations. For
example, even a simple feature such as node degree may already be regarded
as a PE, since it provides information about a node’s local neighborhood. For
this reason, multiple types of graph PEs have been proposed. One common
strategy is to derive static encodings from structural properties of the graph,
such as the adjacency or degree matrices, and use them as additional node
input features [11, 15]. Other approaches, such as [12], introduce learnable
PEs that are updated by the GNN at each message-passing step, after being
initialized from a static encoding. More recently, [42] proposed incorporating
topological information via persistent homology computed on top of PE
features. Since different graph PEs capture different notions of position,
some approaches, such as [27], combine multiple graph PEs rather than
relying on a single one.

The Euler Characteristic Transform (ECT) [38, 25, 28] is a tool from topological
data analysis that tracks how the Euler characteristic of a shape evolves across
multiple directions. The ECT has been shown to be injective for broad classes
of shapes [13, 7]. Although the ECT itself is not differentiable, differentiable
approximations have been developed, enabling its use in end-to-end trainable
neural architectures [30, 31]. These approaches have demonstrated strong
potential in applications such as point cloud synthesis and graph learning.
Furthermore, the local ECT (l-ECT) [43] has been introduced as a means of
generating node-level features. However, existing work has used it only to
precompute static, handcrafted node features.

A key advantage of the ECT is that it can be computed efficiently [30],
unlike persistent homology, another topological descriptor that has already
been integrated with GNNs [16, 41] but remains computationally expensive,
limiting its scalability.

Inspired by the success of the ECT and its variants in various learning tasks,
we propose LEAP PE (l-ECT and Projection Positional Encoding), a novel
learnable PE scheme for graphs. LEAP integrates the l-ECT into graph
deep learning architectures in an end-to-end trainable manner, enabling the
directions along which the transform is computed to be optimized jointly with
the model. In addition, LEAP can be applied not only to raw node features
but also to learned intermediate representations, allowing the encoding to
adapt dynamically during training.

More precisely, our main contributions are as follows:

• First end-to-end trainable use of the l-ECT. To the best of our knowledge,
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this is the first work to integrate the l-ECT into deep learning archi-
tectures, enabling learnable directions and compatibility with learned
features.

• Projection strategies for ECT/l-ECT. We introduce and evaluate several
projection mechanisms to transform the discretized l-ECT representa-
tions into fixed-dimensional vectors of lower dimension, with designs
that explicitly account for permutation invariance with respect to the
directions in which the ECT is computed.

• Comprehensive evaluation. We benchmark our approach on eight real-
world graph datasets in combination with different graph learning
architectures, and compare it against established positional encodings
such as LaPE and RWPE. Moreover, we introduce a synthetic dataset
specifically designed to test the ability of our method to capture topo-
logical features.

Our empirical results show that the l-ECT can be effectively leveraged as a
PE for graph learning problems. Moreover, in most of the evaluated tasks,
LEAP outperforms all considered baselines, demonstrating its ability to learn
embeddings that capture useful structural information about graphs. These
findings open the door to combining the LEAP with other graph PEs and
integrating it into more complex architectures.

The remainder of this thesis is organized as follows. In Chapter 2, we review
the necessary background on graph neural networks, positional encodings,
and the Euler Characteristic Transform. In Chapter 3 we present our proposed
l-ECT–based PE method and discuss its limitations. In Chapter 4, we describe
the experimental setup and datasets. Chapter 5 reports and discusses the
results. Finally, Chapter 6 concludes with a summary and directions for
future work.
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Chapter 2

Background

In this chapter, we present fundamental notions of graph learning, including
common architectures and positional encodings. We then formally introduce
the Euler Characteristic Transform (ECT) [38], along with its differentiable
approximation (DECT) [30] and local variant (l-ECT) [43]. These are the
key concepts for understanding our proposal of a new Positional Encoding
strategy for graph learning problems based on the l-ECT.

2.1 Graph Learning with Neural Networks

Before talking about graph learning, we first define what we mean by a graph
and by an specific class of graphs that we will call featured graphs which hold
particular relevance in this domain.

Definition 2.1 An undirected graph is a pair G = (V, E), where:

• V is a finite set of elements called nodes or vertices.

• E ⊆ {{u, v} | u, v ∈ V, u ̸= v} is a set of unordered pairs of distinct nodes
called edges.

Through out the text we may use V(G) and E(G) respectively to refer to the nodes
and edges of a given graph G. Moreover, unless stated otherwise, the term graph
will be used to mean undirected graph.

Definition 2.2 A featured graph is a pair (G, x), where G is an undirected graph,
and x is a map x : V(G) → Rn. For a given node v ∈ V(G), we refer to x(v) as
the features of v.

As a simple example of a graph, one can consider a train network where
nodes correspond to train stations and an edge is present between two nodes
if there is a direct connection between the corresponding stations. This graph
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2. Background

can be extended to a featured graph by assigning to each station v a feature
vector x(v) ∈ R2 representing its geographic coordinates.

By graph learning, we refer to learning problems in which the input data
consists of graphs. In this setting, each data sample is a graph, and our
goal is to predict a regression or classification target for each of them. When
predictions concern the entire graph, the problem is referred to as a graph-
level task, whereas when predictions are made for individual nodes within a
graph, it is called a node-level task.

An example of a regression graph-level task is one in which we are given a set
of molecules, each represented as a graph where the atoms are nodes and the
edges represent bonds between them, and the goal is to predict the melting
temperature of each molecule. An example of a classification node-level task
is a problem where, given a set of molecules (again, represented as graphs),
we aim to predict, for each node (atom) in a given molecule, its chemical
element (for example, carbon, oxygen, etc.).

In general, a graph learning problem consists of a training set of graphs along
with their corresponding labels. A model is then trained (or, equivalently,
optimized) to predict the correct labels for the given graphs, with the aim
of generalizing to unseen graphs drawn from the same distribution as the
training set. Typically, the graphs in a given problem can vary in the number
of nodes and edges they contain, and there is no inherent ordering of the
nodes.

We will focus on learning problems on featured graphs. In this case, the node
features across all the graphs in the problem have the same dimension.

2.1.1 Message Passing Neural Networks

The Multi-Layer Perceptron (MLP) [32], a fundamental building block of
deep learning architectures, acts as a learnable mapping MLP : Rn → Rm.
Therefore, it is well suited for learning problems where each data sample
can be naturally represented as a fixed-size vector p ∈ Rn. In contrast, the
MLP is not directly applicable to graph-structured data as, in general graph
learning problems, we have that:

• The number of nodes and edges varies across graphs in the dataset.

• There is not a canonical node ordering.

• The connectivity patterns of the graphs may contain information rele-
vant for the task at hand.

Message Passing Neural Networks (MPNNs) [14, 18], are a family of deep
learning architectures designed to meet these requirements. MPNNs can
handle unordered sets of nodes of varying sizes and capture their connectivity
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2.1. Graph Learning with Neural Networks

Figure 2.1: Representation of the first message passing step in a MPNN. A1( · ), and U1( · )
represent the update and aggregation maps from Equation 2.1. Each node gets an updated
feature vector that is computed as a function of its previous feature vector, and the feature
vectors of its neighboring nodes.

(the graph structure) by iteratively propagating information along the graph
edges.

In particular, a given MPNN has a fixed number of steps T, and, for each
step t ∈ {0, . . . , T}, there is a hidden state h(t)v ∈ R for each node v in the
graph that is being processed. The initial state of each vertex v corresponds
to its features x(v), or to a learnable transformation of them. The rest of the
states are computed according to the update rule

h(t+1)
v = UPDATEt+1

(
h(t)v , AGGREGATEt+1

(
{h(t)u , u ∈ N (v)}

))
, (2.1)

where UPDATEt is a learnable map (i.e. an MLP applied to the concatenation
of ht

v and the result of AGGREGATEt), AGGREGATEt is a permutation
invariant learnable map that can handle inputs of different sizes (i.e. an MLP
applied to the sum of the elements in its input set), and N (v) is the set of
nodes neighboring the node v.

For node-level tasks, the same learnable map (typically an MLP) is applied
to the final state of each of the nodes to make node-level predictions. For
graph-level tasks, the final hidden states of all the nodes in the graph are
aggregated together using a pooling layer (i.e. sum, mean, max-pooling...)
[19]. The aggregation produces a fixed-size learned representation of the
entire graph. Finally, a learnable map is applied to this graph representation
to make graph-level predictions. Since all the layers use parameterized,
differentiable operations, the entire architecture can be trained end-to-end
for both node-level and graph-level tasks.

There are multiple MPNNs architectures depending on the choice of the
UPDATE and AGGREGATE functions. We will briefly introduce two popular
ones: Graph Convolution Networks (GCNs) [18], and Graph Attention Net-
works (GATs) [40], as these are the ones used for the experiments conducted
in this work.
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2. Background

More precisely, in GCNs the operations for updating and aggregating the
node states in Equation 2.1 are defined as:

AGGREGATEt+1

(
{h(t)u , u ∈ N (v)}

)
:= ∑

u∈N (v)

1√
d̂ud̂v

h(t)u ,

UPDATEt+1

(
h(t)v , w

)
:= φt

(
W⊤

t (
1
d̂v

h(t)v + w)

)
,

where d̂i := 1 + |N (i)|, Wt ∈ Rdt×dt+1 is a matrix whose entries are learned,
and φt is a non linear activation function (i.e. ReLU). The normalization terms
d̂u help to prevent overweighting the information from the more connected
nodes in the graph.

When it comes to GATs the operations for updating and aggregating the
node states are defined as:

AGGREGATEt+1

(
{h(t)u , u ∈ N (v)}

)
:= ∑

u∈N (v)
α
(t)
v,u h(t)u ,

UPDATEt+1

(
h(t)v , w

)
:= φt

(
W⊤

t (α
(t)
v,v h(t)v + w)

)
,

where Wt is a matrix whose entries are learned, φt is a non linear activation
function, and the coefficients α

(t)
u,v are referred to as the attention coefficients

and are computed as:

α
(t)
u,v :=

exp
(
LeakyReLu(a⊤t [Mthv||Mthu])

)
∑k∈N (v)∪{v} exp

(
LeakyReLu(a⊤t [Mthv||Mthk])

) ,

where LeakyReLU(x) := max(0, x) + s · min(0, x), with s ∈ R being a hyper-
parameter of the function, [ · || · ] denotes the concatenation of vectors, Mt is
a matrix with learnable entries, and at is a vector with learnable entries.

The GAT architecture uses a variation of attention [39] to aggregate the node
states in a learnable way. Attention is is one of the key components of the
Transformer [39] architecture, a family of models originally designed for
Natural Language Processing (NLP) tasks. Inspired by its success on NLP
tasks, GATs allow attention to be used for neighborhood aggregation graph
learning problems.

Note that in the GAT architecture is possible to have multiple attention heads.
This means that several independent attention mechanisms are applied in a
given step of the neural network, and their outputs are then concatenated or
averaged to form the node states used in the next step of the network. Also,
both GCNs and GATs can be extended to handle graphs where the edges are
also “featured” .
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2.1. Graph Learning with Neural Networks

MPNNs have been successfully applied in graph learning problems across
multiple domains such as biochemistry, high energy physics, or recommender
systems [14, 35, 46]. However, the most common architectures such as
GCNs and GATs suffer from several practical and theoretical limitations
[43, 11, 15, 34, 12, 2].

In particular, two well studied phenomena that tend to happen when working
with these architectures are:

• Oversmoothing [33, 48]: nodes that are close in the graph tend to end up
having hidden states indistinguishable from one another even if they
are different from the point of view of the task at hand.

• Oversquashing [8]: relevant information from distant nodes fails to
propagate through the network which results in the model failing to
capture long-range dependencies in the graph.

From a theoretical point of view, it has been shown that “standard” MPNNs
architectures, such GCNs or GATs among others, cannot be more expressive
than the 1-dimensional Weisfeiler-Leman (1-WL) test [24, 45]. More precisely,
this implies that these models fail to distinguish between particular types
of non-isomorphic graphs, and that they cannot perform certain subgraph
counting tasks [43, 6].

2.1.2 Transformers

Before discussing Positional Encoding for graphs, we briefly introduce the
Transformer architecture [39], since positional encodings were originally pro-
posed together with this architecture as a mechanism to incorporate informa-
tion about the positions of tokens1 in a sequence. Moreover, Transformers
have also inspired multiple architectures designed to address the limitations
of MPNNs [40, 27, 34].

Transformers were first introduced for dealing with Natural Language Pro-
cessing (NLP) tasks and remain the backbone of modern large language
models (LLMs) such as GPT architectures [26]. They are designed to pro-
cess variable-length sequences, and the original architecture had two main
components: an encoder and a decoder.

The encoder maps an input sequence into a hidden representation for each
token, where each representation captures not only the content of the token
itself but also its relation to the other tokens in the sequence. The decoder then
uses these hidden representations to generate new sequences, for example in

1Tokens are the atomic unit for NLP models, common words typically are represented by
their own token and more complex or rare words can be represented by a combination of
multiple tokens.
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2. Background

machine translation or text completion. The core operation in both encoder
and decoder is the attention mechanism.

Given three matrices Q ∈ Rn×d, K ∈ Rn×d, and V ∈ Rn×p, the attention
operation is defined as:

Attention(Q, K, V) = softmax
(

QK⊤
√

d

)
V, (2.2)

where softmax is applied row-wise in the matrix QK⊤, and we have that
softmax : Rn → Rn, is defined as softmax(v)i = exp(vi)/ ∑n

j=0 exp(vj) for
all v ∈ Rn.

Usually, the matrices Q, K, and V are referred to as queries, keys and values
respectively. This results in a nice interpretation of the attention operation as
a “soft” database lookup. We can interpret Q as collection of d-dimensional
vectors representing n queries to a database. In the database there are also
n values stored, which are the p-dimensional vectors that form the matrix
V. For each of these values, we have a d-dimensional key, these are the rows
of the matrix K. Thus, with the attention operation we retrieve a vector for
each of the n queries in Q, each of this vectors is a weighted average of the
values in V, where the weight of each value corresponds to how well its key
matched the query vector.

The encoder of the Transformer architecture uses a particular version of
the attention operation named self-attention. Given a sequence of input
vectors x1, . . . , xn, aranged as a matrix X ∈ Rn×k, self-attention of X is just
attention computed on the matrices Q = XWQ, K = XWK, and V = XWV ,
where WQ, WK, and WV are learnable matrices. Therefore, using self-attention
results in a hidden representation of each vector in the input sequence that
takes into account how that vector relates to all the other elements in the
same sequence.

Remark 2.3 Changing the order of the vectors x1, . . . , xn in the input sequence of
a Transformer encoder does not change their hidden representations computed with
self-attention.

Reordering the input vectors x1, . . . , xn, results in a reordering of the rows in the
matrix X. The reordered version of X can be expressed as RπX, where Rπ is a row
permutation matrix.

This results in new query, key and value matrices that we can denote by Q′, K′ and
V ′. In particular we have that:

Q′ = (RπX)WQ = RπQ, K′ = (RπX)WK = RπK, V ′ = (RπX)WV = RπV.
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2.1. Graph Learning with Neural Networks

Then, we get that Q′(K′)⊤ = (RπQ)(RπV)⊤ = Rπ(QK⊤)R⊤
π . Since softmax( · )

is applied row-wise, we also get that

softmax(Rπ(QK⊤)R⊤
π ) = Rπsoftmax((QK⊤)R⊤

π ).

From the definition of softmax( · ), it follows that reordering the coordinates of a
vector permutes with the application of softmax( · ). Therefore,

Rπsoftmax((QK⊤)R⊤
π ) = Rπsoftmax(QK⊤)R⊤

π

.

Hence, we get that Attention(Q′, K′, V ′) = (Rπsoftmax(QK⊤/
√

d)R⊤
π )(RπV).

Since permutation matrices are orthonormal, the previous expression can be simplified
to Rπsoftmax(QK⊤/

√
d)V = RπAttention(Q, K, V).

This means that, without any additional information, the transformer encoder
is permutation equivariant with respect to the input sequence. That is, the
position of the vectors in the input sequence is not taken into account when
computing their hidden representations. Therefore, the sequence structure is
disregarded, and the input is effectively being processed as a set of vectors.

Since the positions of words in a sentence can be relevant information that the
model would otherwise ignore2, the authors of the Transformer architecture
proposed to use positional encodings as a mechanism to enhance the input
vectors x1, . . . , xn with information about their position in the sequence. More
precisely, they introduced sinusoidal positional encodings [39], these are vectors
computed from the position of each element in the input sequence, which are
then added to the corresponding input vector xi before feeding the sequence
into the self-attention mechanism. Beyond sinusoidal encodings, many other
types of sequence positional encodings have been proposed, such as RoPE
[36], which applies position-dependent rotations to the coordinates of xi.

The success of the Transformer architecture has led to its adaptation to
domains beyond NLP, such as computer vision [10], or, as we have already
mentioned, graph learning [27, 40, 34]. In this context, a Transformer encoder
can generate hidden representations of each node that directly “attend” to all
other nodes, thereby offering potential to overcome some of the limitations
of MPNNs, such as oversquashing.

2.1.3 Graph Positional Encoding

Several approaches have been proposed to overcome the limitations of
MPNNs outlined at the end of Subsection 2.1.1. Some of these include
altering the original connectivity of the graphs, for example by introducing

2Word order can be crucial in natural language, as it is not the same to say “I like dogs
but I hate cats” as it is to say “I like cats but I hate dogs”.
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2. Background

a virtual node connected to every other node with the aim of improving
information flow [1, 15]. Some other approaches like GPS [27] use message
passing followed by a Transformer, allowing each node to directly look at
every other node in the graph.

In these approaches, the graph structure is either modified or not explicitly
encoded into the model. Within this context, graph Positional Encodings
(PEs) [15, 27] emerge as a mechanism to inject structural information into the
node features, enabling the models to remain aware of the underlying graph
topology. This plays a role analogous to sequence positional encodings in
NLP, where they are used to make Transformers aware of the positions of
tokens in a sequence.

However, when dealing with graphs rather than sequences, there is no
straightforward notion of a node’s “position”. For this reason, a wide variety
of graph positional encoding strategies have been proposed, including even
learnable ones. The work by [27] proposes a categorization of the graph
PE strategies dividing them into Positional Encodings (PEs) and Structural
Encodings (SEs), and also on whether they are local, global or relative.

For example, the distance between a node and the centroid of a cluster
containing that node would be a Local PE. If the distance is instead computed
with respect to the centroid of the graph we would be talking about a Global
PE. The degree of a node could act as a basic Local SE as it is information
related to the structure of the local neighborhood around the node. When
it comes to Global SE, in [27] they are considered graph features instead of
node features. Some of the provided examples are graph properties such as
its diameter, number of connected components etc. Lastly, both Relative PE
and Relative SE are considered as additional edge features as they directly
capture information about the relation between two nodes.

Besides this categorization, multiple authors simply use the term PE to refer
to any additional node features that contain information about the positional
or structural role of a node in the graph [15, 12]. Throughout our work, we
will adopt this usage of the term PE. However, when appropriate, we will
distinguish between positional/structural and global/local PEs to provide
the reader with a clearer understanding of the type of information captured
by a given PE.

It is also is worth noting that, unlike in NLP, where positional encodings
are typically added to the input vectors, in graph learning it is common
to concatenate the positional encoding to the original node features [11],
this allows the model to be aware of which information comes from the
original node features and which from the positional encoding. Moreover,
this also allows to use PEs of different dimensionality than that of original
node features.
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2.2. Euler Characteristic Transform

We now introduce two graph PEs particularly relevant in the literature
[11, 15, 22, 12], that are also used for the experiments of this work.

Random Walk PE (RWPE) Given a graph G and a node v ∈ V(G), [12]
define the k-dimensional RWPE of v, denoted by pRWPEk

v as:

pRWPEk
v := [RWvv, (RW)2

vv, . . . , (RW)k
vv] ∈ Rk,

where RW := A(G)D(G)−1 is the random walk matrix of the graph G, A(G)
denotes the adjacency matrix of G, and D(G) denotes the degree matrix of G.

Laplacian PE (LaPE) Given a graph G, its normalized Laplacian matrix is
given by L(G) = I −D(G)−1/2A(G)D(G)−1/2, where I stands for the identity
matrix. The LaPE of the nodes in G are constructed from the eigendecom-
position of L(G) = Q⊤AQ. Given the eigenvalues sorted in ascending order
λ(1), . . . , λ(K), and their corresponding eigenvectors q(1), . . . , q(K), [11] define
the k-dimensional LaPE of a node v ∈ V(G), denoted by pLaPEk

v as:

pLaPEk
v := [q(i)v , q(i+1)

v , . . . , q(i+k)
v ] ∈ Rk,

where i is the index of the first non-trivial eigenvector.

Under the categorization proposed by [27], RWPE is considered a local
structural encoding, whereas LaPE is regarded as a global positional encoding.
A number of variants of both of these of PEs have been proposed [15, 22].

Finally, we highlight that, as we have already mentioned before, empirical
evidence has shown that incorporating graph PEs can be beneficial not only in
settings with modified architectures or artificially altered graph connectivity,
but also for improving the performance of standard MPNNs when used as
additional node features [11, 20, 12].

2.2 Euler Characteristic Transform

Before talking about the Euler Characteristic Transform, we should first
introduce the Euler characteristic.

Definition 2.4 Given a simplicial complex K its Euler characteristic χ(K) can be
defined as

χ(K) :=
d

∑
i=0

(−1)i|K(i)|,

where d is the maximum dimension of any simplex in K, and K(i) denotes the set of
the i-dimensional simplices in K.
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2. Background

Note that there are several equivalent alternative definitions of the Euler
characteristic [28]. For example, in terms of the Betti numbers of the simplicial
complex. However, the definition above, where the Euler characteristic is
built as an alternating sum of the number of simplices of each dimension, was
chosen as it is easy to follow even for those with a more limited background
in topology. Hence, highlighting the simplicity of the Euler characteristic.

As an example, the Euler characteristic of a graph, which can be thought
as a 1-dimensional simplicial complex, is just the number of nodes in the
graph minus the number of edges. Similarly, the Euler characteristic of a
polyhedron can be computed as the number of vertices minus the number of
edges plus the number of faces.

Following from the previous example, one can play around with the Platonic
solids, a well known family of polyhedrons, after computing their Euler
characteristic one would realize that all of them have the same Euler char-
acteristic which is 2. This is not a coincidence, it happens because all the
Platonic solids are homeomorphic to the sphere and the Euler characteristic
is a topological invariant [25, 28]. That is, homotopic topological spaces have
the same Euler characteristic3.

Thanks to this invariance property, the definition of the Euler characteristic
extends naturally to all triangulable topological spaces [25]4. Moreover,
the Gauss–Bonnet Theorem [9] shows that the Euler characteristic of any
compact two-dimensional Riemannian manifold can be expressed in terms
of its curvature, In this way, the theorem bridges topology and geometry by
relating a topological invariant to a differential-geometric quantity.

As we have seen, the Euler characteristic, despite its simplicity, has some
remarkable properties. In particular, given two topological spaces, if their
Euler characteristics differ, we can immediately conclude that they are not
equivalent from a topological perspective. A natural question then arises:
does the converse hold? That is, if two spaces have the same Euler charac-
teristic, can we conclude that they are homotopic? The answer is no: two
spaces may share the same Euler characteristic without being topologically
equivalent. This phenomenon is illustrated in Figure 2.2, where the two
graphs depicted have the same Euler characteristic but differ in the number
of connected components, and hence cannot be homotopic.

3This directly follows from the expression of the Euler characteristic in terms of Betti
numbers.

4Since all triangulations of a triangulable topological space are homotopic they have the
same Euler characteristic, thus we can define this as the Euler characteristic of the space itself.
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2.2. Euler Characteristic Transform

Figure 2.2: Two graphs with the same Euler characteristic, and with a different number of
connected components. The Euler characteristic is computed as the number of nodes minus
number of edges as graphs are are 1-dimensional simplicial complexes.

Figure 2.3: Example of a filtration in a 1-dimensional simplicial complex K. Each Ki is a valid
simplicial complex (no edge is added before the involved nodes are added), and Ki ⊆ Kj whenever
i ≤ j.

2.2.1 Introduction to the ECT

Although the Euler characteristic alone cannot always distinguish between
non-homotopic topological spaces, it can be used to construct a more pow-
erful descriptor, the Euler Characteristic Transform (ECT) [38], which is
injective on certain classes of topological spaces [13, 25, 28].

The underlying idea behind the ECT is to track how the Euler characteristic
of a simplicial complex evolves as the complex is grows in every possible
direction. Before formally presenting the ECT, we first introduce several
concepts that will allow us to build an intuitive definition.

Definition 2.5 Given a simplicial complex K, a filtration of K is defined as an
indexed nested collection of simplicial complexes Ki ⊆ K with i ∈ I ⊆ R, such that
for any a, b ∈ I with a ≤ b it holds that Ka ⊆ Kb.

In Figure 2.3 we show an example of a filtration in a 1-dimensional simplicial
complex, which can just be regarded as a graph. The filtration in the figure
is indexed by the set I = {1, 2, 3, 4}. Note, however, that in general the index
set does not need to be finite.
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2. Background

Remark 2.6 Given a simplicial complex K, any real valued map f : K(0) → R

can be used to induce a filtration on K. Here, following the notation introduced in
Definition 2.4, K(0) denotes the set of 0-simplices of K, also referred to as the vertices
of K.

We first extend f to a function f̂ : K → R, by setting f̂ (σ) := max{ f (v) : v ∈ σ},
for all σ ∈ K. Then, we build the filtration over K induced by f and indexed by
t ∈ R as

K f ,t := f̂−1((−∞, t]).

Since t1 ≤ t2 implies (−∞, t1] ⊆ (−∞, t2], it follows that K f ,t1 ⊆ K f ,t2 .

Moreover, each K f ,t is itself a simplicial complex. Indeed, if σ ∈ K f ,t and τ ⊆ σ,
then τ ∈ K f ,t as we have that

f̂ (τ) = max{ f (v) : v ∈ τ} ≤ max{ f (v) : v ∈ σ} = f̂ (σ) ≤ t,

We note that given a filtration of a simplicial complex K whose final term is K
itself, one can compute the Euler characteristic at each Ki to get a collection
of values finishing with χ(K). This corresponds to the idea of growing a
simplicial complex and tracking how its Euler characteristic changes that was
introduced when we provided an intuition for the ECT at the begining of
this Subsection. We will now focus on building up a particular type filtrations
that will be the ones used for the ECT.

Definition 2.7 A featured simplical complex is a pair (K, x) where K is a
simplicial complex and x is a map x : K(0) → Rn.

The previous definition extends the concept of a featured graph (Definition 2.2),
which can be regarded as a 1-dimensional simplicial complex, to simplicial
complexes of arbitrary dimension. Hence, every featured graph is a particular
case of a featured simplicial complex. Another example of a featured simplicial
complex is given by (K, i), where K is a geometric simplicial complex in Rn,
and i : K(0) ⊂ Rn → Rn denotes the identity map restricted to the set of
vertices K(0), so that i(v) = v for all v ∈ K(0).

Given a featured simplical complex (K, x), one may think of many different
ways of building a real valued function from x : K(0) → Rn to then induce a
filtration over K. We focus on one particular way that will allow us to build a
whole family of filtrations over K.

Definition 2.8 Given a featured simplicial complex (K, x) with x : K(0) → Rn,
and a direction θ ∈ Sn−1 ⊂ Rn, we define the filter function of x through θ,
denoted by xθ as:

xθ : K(0) → R

v 7→ ⟨x(v), θ⟩,
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2.2. Euler Characteristic Transform

(a) Featured simplicial complex (K, x) with
a direction θ ∈ S1.

(b) xθ(v), ∀ v ∈ K(0), where xθ is the filter
function of x through θ.

(c) Filtration over the featured simplicial complex (K, x) induced by the direction θ.

Figure 2.4: Visualization of how direction θ ∈ Sd−1 induces a filtration for a featured simplicial
complex (K, x) with x : K(0) → R.

where ⟨·, ·⟩ denotes the standard scalar product in Rn. Moreover, following the nota-
tion introduced in Remark 2.6, given t ∈ R, we use Kxθ ,t to denote x̂θ

−1((−∞, t]).

From the definition above we get a way for building filtrations of a featured
simplical complex on “every direction”, as we described when providing the
intuition for the ECT at the begining of the Subsection. In Figure 2.4, we
exemplify how a featured simplicial complex together with a direction result
in a filtration that captures how the simplicial complex “expands” along the
given direction.

We now introduce one more definition that will be the last building block for
the ECT.

Definition 2.9 Given a featured simplical complex (K, x) with x : K(0) → Rn, and
a direction θ ∈ Sn−1 we denote the Euler Characteristic Curve of (K, x) in the
direction θ by ECCθ [K, x], we define it as follows:

ECCθ [K, x] : R → N

t 7→ χ(Kxθ , t).

In the cases where x is clear, for example when working with a geometric sim-
plical complex, we may simplify the notation and just write ECCθ [K] instead of
ECCθ [K, x].

Intuitively speaking, the definition above provides us with a tool to track
the Euler characteristic of a featured simplicial complex as it grows along
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2. Background

Figure 2.5: Visualization of of ECCθ [K, x] : R → N, for the featured simplicial complex (K, x),
and the direction θ from Figure 2.4. At each time step (horizontal axis), the ECC takes the value
of the Euler characteristic of the corresponding subcomplex in the filtration of (K, x) induced by
θ.

a specific direction, we exemplify this in Figure 2.5. For the ECT we will
consider all possible directions instead of a fixed one.

Definition 2.10 Given a featured simplicial complex (K, x) with x : K(0) → Rn,
we define its Euler Characteristic Transform, denoted by ECT[K, x], as:

ECT[K, x] : R × Sn−1 → N

(t, θ) 7→ ECCθ [K, x](t)

A very interesting property of the ECT, as we advanced at the beginning
of this section, is that in some cases it is an injective mapping, that is, if
two “shapes” are different their ECT will also be different. Recall that, as
we showed in Figure 2.2 this is not the case when solely looking at the
Euler characteristic. More precisely, [38] proved the injectivity of the ECT for
geometrical simplicial complexes of dimensions 2 and 3. Therefore, if we have
two geometrical simplicial complexes K1, K2 ⊂ Rd with d ∈ {2, 3} we can tell
if they are different just by looking at ECT[K1] and ECT[K2]. Moreover, this
result has been generalized to geometrical simplicial complexes of arbitrary
dimension [13, 7]. It has also been shown that even the ECT restricted to a
finite subset of directions, or what is the same a finite collection of ECCs, is
enough to get injectivity for geometrical simplical complexes [7, 28].

2.2.2 Discretization of the ECT

In the previous subsection, we introduced the ECT of a featured simplicial
complex (K, x) as a map ECT[K, x] : R × Sn−1 → N. While this formula-
tion is mathematically precise, it is not particularly well-suited for machine
learning models, where we typically aim to work with fixed-size feature
representations of each data sample. For this reason, it is convenient to work
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2.2. Euler Characteristic Transform

with a fixed size discretized approximation of the ECT. To achieve this, we
follow the approach presented in [30] and [28], where the continuous map
ECT[K, x] is approximated by a matrix with integer entries. In the remainder
of this subsection, we will construct this discretization step by step.

The first step in constructing the discretized version of ECT[K, x] is to restrict
it to a finite subset of directions. This is motivated by the result mentioned in
the previous subsection, which states that, for geometric simplicial complexes,
a finite set of directions is sufficient for ECT[K, x] to be injective. Therefore,
instead of working with the ECT[K, x], we restrict the map to the domain
R × {θ1, . . . , θm} with m ∈ N, which is a subset of the original domain
R×Sn−1. We note that, it is not clear what should be the set of directions Θ =
{θ1, . . . , θm}. However, as mentioned in [28] choosing “enough” directions at
random is often good enough in practice. Moreover, in the next subsection
we will see that, in some cases, the directions can even be “learned”.

By going from ECT[K, x] to ECT[K, x]|R×Θ, we have discretized the second
term of the cartesian product that constitutes the original domain of ECT[K, x].
If we can now find a finite set R = {t1, . . . , tp} ⊂ R that we can use to
“replace” R in the product R × Θ, we can restrict the ECT to ECT[K, x]|R×Θ.
We note that ECT[K, x]|R×Θ is a map whose domain is the cartesian product
of two finite sets and its image is a subset of Z. Therefore, ECT[K, x]|R×Θ can
represented by a matrix with |Θ| rows and |R| columns where the entry (i, j)
is just the value of ECT[K, x]|R×Θ(tj, θi) = ECT[K, x](tj, θi) ∈ Z. We focus
now on how to build the set R.

For this, we will assume that the featured simplicial complex (K, x) with
x : K(0) → Rn is inside the unit ball B(0, 1). By this we mean that for all v in
K(0) we have that ||x(v)|| ≤ 1. Note that if this is not the case we can always
“normalize” the features defining a new map x′ : K(0) → B(0, 1) such that
x′(v) := cx(v) for all v ∈ K(0); where c := maxv∈K(0) ||x(v)||. This maximum
is well defined as K(0) is a finite set. Moreover, this normalization could
be done in the same way for the cases where K is a geometrical simplicial
complex.

Now, given a featured simplical complex (K, x) with x : K(0) → Rn and
||x(v)|| ≤ 1 for all v ∈ K(0), we note that, for any direction θ ∈ Sn−1 we have
that xθ(v) ∈ [−1, 1] for all v ∈ K(0). This follows from the definition of xθ

(Definition 2.8) and the Cauchy–Schwarz inequality. Since xθ(v) := ⟨x(v), θ⟩
for all v ∈ K(0), and, by Cauchy-Schwarz we get that

|⟨x(v), θ⟩| ≤ ||x(v)|| · ||θ|| = 1 · 1 = 1,

from where it follows that xθ(v) ∈ [−1, 1] for all v ∈ K(0).

For this reason, we can restrict even more the domain of ECT(K, x)|R×Θ and
work with ECT(K, x)|[−1,1]×Θ. Then, to accomplish our goal of restricting
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2. Background

Figure 2.6: Example of how the discretized version of the ECT can be used to generate static
feature matrices for simplicial complexes to train a model and make predictions about them.

the original ECT to a finite domain R × Θ we can define R as {t0, t1, . . . tq−1}
where q ∈ N is a fixed number that decides the number of discretization
steps and ti = −1 + 2i/(q − 1). That is, R is a finite set of q elements evenly
spaced along the interval [−1, 1].

Figure 2.6 shows how each simplicial complex in a dataset can be mapped
to a matrix via the discretized ECT, enabling these matrices to be used as
hand-crafted input features to train a model for a prediction task.

Finally, we highlight that this discretization of the ECT is convenient for
multiple reasons. First, as we previously mentioned, ECT[K, x]|R×Θ can be
represented by a fixed size matrix with |Θ| rows and |R| columns where
the entry (i, j) is just the value of ECT[K, x](tj, θi). Second, the “user” can
decide how many points in [0, 1] and directions in Sn−1 to use to “tune”
the discretized approximation of the ECT depending on its compute power,
dataset, task complexity etc.

2.2.3 Differentiable ECT

So far, we have introduced the ECT and provided a “recipe” for construct-
ing fixed-size approximations of it, which can be naturally represented as
matrices. This enables the use of the ECT as a form of hand-crafted fea-
tures in machine learning pipelines. In describing this approach, we have
worked with a featured simplicial complex (K, x), where the vertex features
are defined statically by a function x : K(0) → Rn.

However, we note that, if the matrix representation of ECT(K, x)|R×Θ could be
computed in a way that is differentiable with respect to the feature function
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2.2. Euler Characteristic Transform

x(·), then ECT(K, x)|R×Θ could be incorporated as a layer in deep learning
architectures operating on learnable (i.e., non-static) features. Similarly, if
ECT(K, x)|R×Θ was differentiable with respect to the directions θi ∈ Θ, we
could replace the randomly chosen directions with learned ones, that is, we
could optimize the directions along which the ECT is computed.5

[30] provide a differentiable approximation of ECT(K, x)|R×Θ that fulfills the
previously described requirements. Moreover, on their work they empirically
show how their differentiable approximation of the ECT can be used in
end-to-end trainable deep learning architectures. In the remaining of this
section we will introduce the differentiable approximation of the ECT by [30].

First, we note that, given a featured simplicial complex (K, x) with x : K(0) →
Rn, and (t, θ) ∈ R × Sn−1, we can rewrite ECT[K, x](t, θ) in the following
way:

ECT[K, x](t, θ) := ECCθ [K, x](t) by Def 2.10 (ECT)
= χ(Kxθ , t) by Def 2.9 (ECC)

=
d

∑
i=0

(−1)i|Kxθ , t
(i)| by Def 2.4 (χ(·))

=
d

∑
i=0

(−1)i ∑
σ∈K(i)

1[−∞, x̂θ(σ))(t), by Def 2.8 (Kxθ , t)

where, following the notation introduced in Remark 2.6, x̂θ(σ) = maxv∈σ xθ(v).

The previous rewriting of the ECT in terms of indicator functions is conve-
nient, as one can replace the indicator function by a differentiable approx-
imation, such as the sigmoid function. This is exactly what is done in [30]
where the differentiable approximation of ECT[K, x], that we will denote by
ECT[K, x], is defined as:

ECT[K, x](t, θ) :=
d

∑
i=0

(−1)i ∑
σ∈K(i)

S(λ(t − x̂θ(σ))), (2.3)

for all (t, θ) ∈ R × Sn−1. Note that S : R → [0, 1] denotes the sigmoid function
where S(t) := 1/(1 + exp(−t)), ∀t ∈ R, and λ is a “scale” parameter that
regulates the “tightness” of the approximation to the indicator function.

5We require only differentiability, not convexity, which aligns with standard practice in
deep learning. As long as gradients can be computed, gradient descent (or its variants) can
be used to optimize a function, even without guarantees of reaching a global optimum. This
is typical in deep learning contexts.
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When looking at the expression in Equation 2.3, the only obstacle for differ-
entiability with respect to the feature map x and the direction θ is x̂θ , as its
definition requires taking a max over ⟨x(v), θ⟩ for the vertices v in a given
simplex. However, it is clear that ⟨x(v), θ⟩ is differentiable with respect to
both x(v) and θ. On the other hand, max(a, b) for a, b ∈ R is differentiable
whenever a ̸= b and its gradient is:

∇max(a, b) =

{
(1, 0) if a > b,
(0, 1) if b > a.

For this reason the max operator is often used in deep learning workflows6,
as automatic differentiation libraries such as PyTorch, only need to evaluate
the gradients in specific points, so that either (1, 0) or (0, 1) will be taken in
the cases described above, and (0.5, 0.5) is propagated by convention7 in the
cases where a = b.

In [30], this issue with respect to the use of max is not explicitly mention.
However, we considered that it was worth adding it here, specially for the
more rigorous readers.

To conclude this subsection, we highlight that we have just introduced a
differentiable way to approximate the entries of the matrix that represents
discretized ECT described in the previous subsection. This allows to use the
ECT as a specialized layer in deep learning workflows. This is showcased
by [30], where, aside of introducing the differentiable approximation of
the ECT, they empirically test its effectiveness integrating it on end-to-end
trainable deep learning models. They show that the learnable ECT is fast and
computationally efficient and provides a performance comparable to that
of more complex models across multiple graph (1-dimensional simplicial
complexes) and point cloud (0-dimensional simplicial complexes) datasets.

2.2.4 Local ECT

So far, we have shown how the Euler Characteristic Transform (ECT) can be
leveraged to generate, or even “learn”, features that allow models to make
predictions about featured simplicial complexes, such as featured graphs.
When introducing graph learning problems (Section 2.1), we distinguished
between node-level and graph-level tasks, depending on whether predictions
are to be made about the entire graphs or about individual nodes. However,
the ECT, provides a global descriptor of a given “shape”, thus limiting its
direct applicability to graph-level tasks.

6In fact, ReLU, one of the most popular activation functions, is defined as ReLU(a) :=
max(0, a), ∀a ∈ R.

7Note that (0.5, 0.5) is a valid subgradient of the max function in such cases.
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To address this limitation, [43] proposes a local variant of the ECT, referred
to as the local Euler Characteristic Transform (l-ECT), which makes the ECT
suitable for node-level tasks in graph learning. In this subsection, we briefly
introduce the l-ECT and summarize the contributions of [43].

In the work by [43] the l-ECT is defined for geometric simiplicial complexes.
However, to stay consitent with the previous subsections, we will define it
for the more general notion of featured simplicial complexes.

Definition 2.11 Given a featured simplicial complex (K, x) with x : K(0) → Rn,
and a vertex v ∈ K(0), we define the local ECT (l-ECT) of v with respect to k ∈ N

as
l-ECTk[K, x; v] := ECT[Nk(v, K), x|Nk(v,K)], (2.4)

where Nk(v, K) denotes a local neighborhood of v ∈ K(0), whose locality scale is
controlled by k.

In the definition by [43], the local neighborhood Nk(v, K) can either refer to
the the full subcomplex of K spanned by the the k-hop neighbors of v, or
the full subcomplex of K, which is spanned by the k-nearest vertices of v.
Although [43] refers to the nearest vertices in a geoemtric simplicial complex,
we can also keep this notion for featured simplicial complexes (K, x) by using
||x(v⋆)− x(·)|| to get the nearest vertices of a vertex v⋆ ∈ K(0).8

Given a featured simplicial complex (K, x), the l-ECT of a vertex v ∈ K(0)

is just the ECT of a subcomplex around that vertex. This is a simple, yet
powerful idea, as it allows to generate “local” features for each of the nodes
in a featured graph. This enables the use of ECT-based features for node-level
tasks in graph learning. In fact, aside of introducing the l-ECT, the work
by [43] focuses on its application for node-level tasks on featured graphs
combining both theoretical insights and empirical testing of the l-ECT.

In particular, they introduce the following result relating the l-ECT to message
passing neural networks.

Theorem 2.12 Let (G, x) be a featured graph, and let {l-ECT1[K, x; v]}v be the set
of the 1-hop l-ECTs of all the vertices v ∈ V(G). Then {l-ECT1[K, x; v]}v provides
all the (non-learnable) needed information to perform a single message passing step
on (G, x).

By the needed non-learnable information for a single message passing step,
[43] mean that for any given vertex v ∈ V(G) one can theoretically recover
the features of its neighboring nodes from its l-ECT. The proof of this result
follows from the injectivity of the ECT for geometric simplicial complexes,
and that the point cloud formed by the vertices in the 1-hop neighborhood

8Note that d(v1, v2) = ||x(v1)− x(v2)|| is not an actual distance in K(0) unless we require
that x(v1) ̸= x(v2) for all v1, v2 ∈ K0 such that v1 ̸= v2.
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of v can be seen as a 0-dimensional geometric simplicial complex when all
the vertices have different features.

This result highlights the power of the 1-hop l-ECT for graph learning.
Furthermore, one can also leverage the k-hop l-ECT with higher values of k
to generate even richer features for each of the nodes in a graph.

Moreover, in their work [43] also prove that using the ECT one can perform
subgraph counting, which is one of the limitations of traditional message
passing architectures [6]. Therefore, ECT-based methods can, in some cases,
be more powerful than traditional message passing. From this, the authors
highlight the potential of designing new hybrid architectures that combine
message passing and ECT variants.

When it comes to the experimental part of their work, the authors focus
on node-level tasks for featured graphs. They compare l-ECT based ap-
proaches to multiple message passing architectures. They show how, for
several datasets, their approach that uses the l-ECT either on the 1-hop
neighborhoods, the 2-hop neighborhoods, or on features from both hops
outperforms traditional graph architectures.

In contrast to [30], they do not use the ECT in an end-to-end trainable fashion
in combination with deep learning architectures. Instead, they compute
the l-ECT for each node using its discretized version (see Subsection 2.2.2) ,
and use this as static hand-crafted features to train an XGBoost [5] classifier,
rather than using a neural network architecture.

Lastly, we mention that the authors of [43] also propose a Rotation-Invariant
Metric based on the l-ECT, and show how it can be used to learn spatial
alignment of geometric graphs. However, we will not expand on this here as
it lies out of the scope of this work.
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Chapter 3

Methods

We propose a new learnable positional encoding for graph learning problems
based on the l-ECT. We first introduce the PE, and present a series of remarks
that provide insights and motivation for our proposed approach. We then
discuss different strategies for projecting the discretized ECT of a given shape
into a lower-dimensional space, since such a projection constitutes one of the
steps in our approach. Finally, we discuss the limitations of our approach.

3.1 l-ECT based PE

Given a featured graph (G, x), where the node features have dimension d
and may be either static (i.e. the original node features or some other PE) or
learned (i. e. the hidden states of the nodes at some step in a MPNN), let
R ⊂ [0, 1] denote a set of thresholds and Θ ⊂ Sd−1 a set of directions. The
LEAP PE (l-ECT and Projection PE), of a node v ∈ V(G) is constructed as
follows:

1. Compute the m-hop subgraph Nm(v, G), around the node v.

2. Given the set of nodes N = {u1, . . . , un} ∈ V(Nm(v, G)), their features
{x(u1), . . . , x(un)} are mean centered and then divided by the maxi-
mum norm in the set so that they are inside the unit ball. This results
in a new set of node features F = { f (u1), . . . , f (un)} ∈ Sd−1, where
f : N → F denotes the map between each node in the m-hop and its
normalized feature vector.

3. Compute a matrix M ∈ R|Θ|×|R| where each entry (i, j) is the differ-
entiable approximation of the ECT of (Nm(v, G), f ) at (tj, θi) ∈ R × Θ.
That is, Mi,j = ECT[Nm(v, G), f ](tj, θi). The expression for ECT is
provided in Equation 2.3.

4. Lastly, a learnable projection φ : R|Θ|×|R| → Rk is used to map M to a

25



3. Methods

Figure 3.1: Steps of the l-ECT based PE using 1-hop neighborhoods. (1) The neighborhood of
a node in a featured graph is selected. (2) Nomalize the neighborhood. (3) Computation of the
differentiable ECT. (4) Project the matrix representation of the ECT to generate PE.

vector PE(v) ∈ Rk, which is the final positional encoding of the node v.
We provide more details about the projection φ in the next subsection.

In Figure 3.1 we illustrate the four steps of our proposed l-ECT PE, we will
refer to it as LEAP PE or just LEAP.

Remark 3.1 LEAP is not a static pre-processing step on the graph like LaPE or
RWPE. On the contrary, our proposed PE can be integrated in a Graph Learning
learning architecture to be trained on and end-to-end fashion.

With the previous remark, we stress the main difference between LEAP and
LaPE or RWPE, and also with the way in which the l-ECT is used in [43],
where it acts as non-learnable way for extending node features, and the
connectivity of the neighborhoods is disregarded as the ECT is computed in
the neighborhoods as if they were pointclouds and not graphs.

It should also be noted that our approach can be applied on learned graph
features, as ECT is differentiable almost everywhere with respect to the node
features in which it is being computed. This means that, when learned graph
features are used for LEAP, they can be optimized during training to be
“useful” for the ECT. We also highlight that, as in [30] the directions in Θ can
be randomly chosen and either stay fixed or be be optimized during training.
The number of directions in Θ and the number of thresholds in R have to be
chosen by the user.

Remark 3.2 Under the categorization by [27] the LEAP PE would be a local
structural encoding.
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3.1. l-ECT based PE

The local aspect of LEAP PE comes from the fact the PE of each node is
computed taking into account only a subgraph around that node. The
“locality” of the PE can be controlled by the user as the number of hops
for building the subgraphs is a hyperparameter of the model. As a default
choice we suggest using just 1-hops as this value provided good results in
our experiments, and also in the experiments by the authors of the original
l-ECT paper [43]. Furthermore, we comment on two ways of making the PE
“more global”:

1. Use m-hops with a higher value of m. This approach is straight forward
but one should note that it is possible for two nodes to have a different
structure in their m-hop neighborhoods but the same structure if their
(m + 1)-hop neighborhoods are considered. Moreover, for a large
enough m all the nodes will have the same PE.

2. A pontentially better suited alternative is to compute LEAP PE multiple
times for each node increasing the value of m at each time, then, all of
them can be concatenated to get a final l-ECT based PE that tracks how
the m-hop neighborhoods of the nodes evolve as m grows.

When it comes to why we consider the LEAP PE structural rather than
positional, we note that the our proposed PE does not contain information
from the position of each node in the graph (or in the subgraph). On the
contrary, two nodes with the same m-hop neighborhoods would have the
same LEAP PE as the output of the second step in the PE computation would
be the same for both nodes. This directly matches de description of local
structural encoding provided by [27]: “Given an SE of radius m, the more similar
the m-hop subgraphs around two nodes are, the closer their local SE will be”.

Moreover, given a node in the graph, If the normalized features in its m-hop
neighborhood happened to form a valid graph embedding 1, and we could
access the “real” ECT of that subgraph rather than an approximation, then,
thanks to the injectivity results for the ECT (Subsection 2.2.1), we would have
all the information needed to recover the neighborhood’s structure. One of
our experiments (Subsection 4.2.2), is particularly designed to test the ability
of the ECT approximation together with a projection to capture topological
features of a graph.

We also note that our proposed PE does not exactly use the l-ECT, since
the ECT is not applied directly to the raw m-hop neighborhood of a node
but rather to a normalized version of it. This normalization is necessary to
guarantee that the features lie within the unit ball, which in what allows to
restrict the thresholds to the interval [−1, 1] (see Subsection 2.2.2).2

1Note that there is no guarantee for this happening.
2Alternative normalization schemes that avoid dividing by the maximum could also be

considered, and might lead to better gradient flow during training. In this work, however, we
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Finally, it is worth emphasizing that our proposed PE is not “pure” in the
sense that it depends not only on structural properties of the graph but also
on the node features (whether static or learnable). In this regard, it can also
be interpreted as an enhanced convolution that integrates both node feature
information and structural information.

3.2 ECT projection strategies

In the previous subsection, we explained that LEAP PE is computed by
applying a learnable projection to the l-ECT of each node. Since the LEAP
aims to capture information about the structure around each node, it should
ideally be invariant to the orientation or rotation of the neighborhood features.
For this reason, the learned projection should be permutation invariant with
respect to the ECCs. However, this requirement is often disregarded in
practice when working with the ECT [30].

In what follows, we propose five alternative strategies for projecting the
l-ECT into a lower-dimensional representation. Among these, two are not
permutation invariant, while the remaining three satisfy this property.

Linear projection In this approach, the l-ECT of each node is first flattened
so that its matrix representation becomes a vector v ∈ RD, where D =
|Θ| · |R|. A linear projection is then applied by multiplying v with a learnable
matrix M ∈ Rk×D, where k is the target dimensionality of the l-ECT-based PE.
The entries of M are optimized during training, so the number of learnable
parameters with respect to |Θ| and |R| in this strategy is O(|Θ| · |R|).

Note that this projection, is not permutation invariant with respect to the
order of the directions. However, permutation invariance could be enforced
through parameter tying by constraining each row of M to be the concatena-
tion of |Θ| identical vectors of size |R|.

1-Dimensional Convolutions This approach is inspired by [31]. The l-ECT
of each node is treated as a temporal series with multiple channels. Therefore,
the thresholds t ∈ R are treated as time steps, and each direction θ ∈ Θ
represents a channel of the signal. Several convolutions with learnable
weights are concatenated, then the signal is averaged across the final channels
resulting in a vector v ∈ R|R|. Lastly, an MLP is used to project the vector v
into the final dimension of the positional encoding. Note that this projection,
is not permutation invariant with respect to the order of the directions as
reordering the channels of a signal changes the output of the convolutions.
The number of learnable parameters with respect to |Θ| and |R| this strategy
is O(|Θ|+ |R|).

restrict ourselves to the proposed simple normalization for simplicity.
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3.3. Limitations

DeepSets In this approach, the l-ECT of each node is treated as set of
|R|-dimensional vectors, each of them representing an ECC along a given
θ ∈ Θ. This set is processed using an architecture inspired by DeepSets [47],
which is a Deep Learning architecture designed to handle sets as an input.
More precisely, a given set of vectors corresponding to ECCs is processed in
the following way:

DeepSets({ECC1, . . . , ECC|Θ|}) := MLP2

(
|Θ|

∑
i=1

MLP1(ECCi)

)
,

with MLP1 : R|R| → Rh, where h is a hyperparameter of the architecture, and
MLP2 : Rh → Rk, where k is the dimension of the PE. By construction, this
projection strategy is permutation invariant with respect to the directions of
the ECT and its number of learnable parameters is independent of |Θ|.

Attention Our second proposal for a projection strategy that is permutation
invariant with respect to the directions of the l-ECT is based on the attention
mechanism (see Subsection 2.1.2). We treat the l-ECT of each node as a set of
|Θ| vectors in R|R|, corresponding to the ECCs along the different directions.
This set is processed by a Transformer encoder [39], which is inherently
permutation equivariant. The encoder maps each element ECCi ∈ R|R| to a
hidden representation T(ECCi) ∈ Rd. So, given the l-ECT of a node, applying
the Transformer encoder results in a set

S = {T(ECC1), . . . , T(ECC|Θ|)} ⊂ Rd,

where d is the hidden dimension of the Transformer encoder. To obtain the
l-ECT-based PE, an MLP : Rd → Rk is applied to the sum of the elements of
S, with k being PE dimension. Note that the number of learnable parameters
in this projection strategy depends on |R| but not on |Θ|.

Attention with PE This projection strategy is a variation of the previous
one. Specifically, instead of feeding the Transformer encoder the set of ECCs
directly, we concatenate each ECCi with its corresponding direction θi ∈ Θ
before passing it to the encoder. This results in a projection strategy that is still
permutation invariant, while additionally incorporating information about
the directions along which the ECCs were computed. As in the previous
strategy, the number of learnable parameters of this projection is independent
of |Θ|.

3.3 Limitations

While the proposed l-ECT–based positional encoding (LEAP PE) offers a
flexible and learnable way to integrate graph structural information into deep
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3. Methods

learning architectures, it is not without limitations. We highlight some key
considerations below:

Dependence on node features As we already mentioned, the encoding is
not “purely structural” : it relies on the normalized node features within a
neighborhood. In settings where features are noisy or not meaningful, the
effectiveness of the PE may be reduced.

Use of the ECT Our method relies on a differentiable approximation of the
discretized ECT, computed on graphs that may not necessarily be geometrical.
The resulting ECT is subsequently projected into a lower-dimensional space.
As a consequence, the theoretical guarantees of the exact ECT (e.g., injectivity)
may not fully carry over to the learned representations.

Normalization choices The proposed normalization scheme ensures that
node features lie within the unit ball, but it may not be optimal for gradient
flow or for preserving relevant discriminative properties of the raw features.
Alternative schemes could lead to better performance.

Hyperparameter sensitivity The proposed PE has several hyperparameters,
most notably the scale factor for the differentiable approximation of the ECT,
the number of directions |Θ|, and the number of discretization steps |R|.
It is not a priori clear how to set these values, and different choices may
affect both performance and computational cost. Prior work also suggests
that there is an interplay between these parameters [31]. However, in our
experiments we used the same fixed configuration across architectures and
datasets and still observed consistently good performance.

Scalability Computing the l-ECT for each node requires retrieving sub-
graphs around each node in the graph and computing their ECT, which may
become expensive for large graphs or for large values of m. Moreover, since
the PE is learned, it cannot be computed once as a preprocessing step, as is
the case with LaPE or RWPE. However, in cases where the PE is computed
over fixed node features and fixed random directions are used instead of
learnable ones, the first three steps of the PE can be carried out as prepro-
cessing, and only the final learnable projection needs to be recomputed at
each training step.
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Chapter 4

Experiments

4.1 Architectures and Baselines

We use three different architectures across our experiments:

1. GCN: as introduced in Subsection 2.1.1, GCN is a well established
message passing neural network architecture. The used architecture
replicates the one used as baseline in [21] and [30].

2. GAT: this is another common type of message passing neural network
as we have also introduced in Subsection 2.1.1. The used architecture
replicates the one used as baseline in [21] and [30].

3. NoMP: to test our proposed PE in settings where the original graph
structure is altered or ignored by the architecture, we also experiment
with a model that does not perform message passing, which we refer
to as NoMP (short for no message passing). This architecture treats
the graph as a set of nodes. First, an MLP is applied at node level,
projecting the features of each node into a chosen hidden dimension.
These projected node features are then fed into a Transformer encoder (see
Subsection 2.1.2). The resulting node representations are aggregated
and passed through another MLP to produce a single prediction for
graph-level tasks. Alternatively, for node-level tasks, the transformed
features of each node could be processed separately by an MLP to make
node-level predictions.

When assessing the performance of our proposed PE, we consider three
different baselines:

1. No PE: the node features are fed into the chosen architecture without
any additional positional encoding.

2. RWPE: the Random Walk Positional Encoding (introduced in Subsec-
tion 2.1.3) of each node is concatenated to its corresponding node
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features before being passed to the architecture. We recall that, under
the categorization by [27], RWPE is local structural PE, which is the
same type as LEAP, making this a particularly appropriate baseline.

3. LaPE: the Laplacian Positional Encoding (introduced in Subsection 2.1.3)
of each node is concatenated to its corresponding node features before
being passed to the architecture. Although, unlike LEAP, LaPE is a
global positional PE, we still consider this baseline interesting as LaPE is
one of the most popular graph PEs.

4.2 Datasets and tasks

We put LEAP to test on nine real-world different graph datasets, and we do
an extra experiment on a synthetic dataset.

4.2.1 Real-world datasets

Seven of the real-world datasets correspond to graph-level classification tasks
from the TU Benchmark [23] where the nodes have geometrical features. We
summarize them in Table 4.1.

Name Graphs Avg. Nodes Avg. Edges Dim Domain Classes

Letter-High [29] 2250 4.67 4.50 2 CV 15
Letter-Med [29] 2250 4.67 3.21 2 CV 15
Letter-Low [29] 2250 4.68 3.13 2 CV 15
Fingerprint [29] 2149 7.06 5.76 2 CV 15
COX2 [37] 467 41.22 43.45 3 SM 2
BZR [37] 405 35.75 38.36 3 SM 2
DHFR [37] 756 42.43 44.54 3 SM 2

Table 4.1: Dataset name and statistics for 7 graph-level classification tasks taken from the
TU benchmark. CV indicates that the dataset belongs to the Computer Vision family, and SM
indicates that it belongs to the Small Molecules family. Dim indicates the dimension of the
geometrical node features.

The 8-th real-world dataset used for our experiments is alchemy full [4],
which is also from the TU Benchmark, particularly from the Small Molecules
category. This dataset has 202,579 graphs with 10.10 nodes on average, and
10.44 edges on average. The nodes have 3-dimensional geometrical features.
For each graph in the dataset there are 12 graph-level regression targets. The
tasks at hand are rotation invariant, that is, they do not depend on rotation
and translation of the graph features. When working with this dataset the
models will be optimized on the 12 tasks at the same time. We normalize
the targets so that they are all in the same scale to prevent some of the tasks
from weighting more in the loss function.
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4.3. Experimental Setup

The 9-th real-world dataset used for our experiments is the HIV dataset
from the Molecule Net benchmark [44]. This dataset has 41,127 graphs with
25.5 nodes on average, and 54.9 edges on average. In this case, instead of
geometrical features, the nodes have 9 categorical features, each of them with
a different number of classes ranging from 2 to 54. The learning problem for
this dataset is a binary classification graph-level task.

When working with the HIV dataset, before feeding the nodes features
into the graph architectures, we embed the discrete node features into a
continuous space. This embeddings are learned end-to-end with the rest of
the architecture. Since the dimension of the node features is much higher
than in the other cases, wen using LEAP we add an MLP that projects the
learned continuous node features into R3. Therefore, in this dataset, instead
of the original node features, we use learned node features to compute the
l-ECT.

4.2.2 Synthetic dataset

We introduce a synthetic dataset designed to test the ability of our approach
to capture structural and topological information from graphs independently
of node features.

To construct this dataset, we sample 10,000 sets of three points in R2 within
the unit ball. For each set of three points, we generate four graphs that
are added to the dataset: the first with no edges, the second with a single
random edge, the third with two random edges, and the fourth with all three
possible edges.

The learning task consists of predicting the number of edges (equivalently,
the number of connected components) of each graph. Note that this task
depends only on the graph structure and it is completely independent of the
node features. We compare the performance of a GCN against an architecture
where the ECT is first computed on the small graphs, then projected into a
low-dimensional representation as in LEAP PE, and finally processed by an
MLP classifier.

4.3 Experimental Setup

For every evaluated model–dataset combination, we use a 5-fold cross-
validation. In each fold, 80% of the data is used for training, while the
remaining 20% is held out as the test set. Within each train/test split, 25% of
the training set is set aside as a validation set, which is employed for early
stopping and model selection. For all the classification datasets the models
are trained to minimize the cross entropy loss. For the regression dataset
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(alchemy full) the models are trained to minimize the mean squared error of the
12 tasks at the same time with normalized targets.

Each model is trained for up to 100 epochs, with training automatically
terminated early if the validation performance does not improve for 10
consecutive epochs. For each fold, evaluation is performed on the test set
using the model weights that achieved the best validation performance during
training. We train the models using the Adam optimizer [17] with a batch
size of 16, except for alchemy full, where the batch size is increased to 32 due
to the larger number of graphs in this dataset compared to the others.

For the GCN and GAT configurations, we use models with 5 layers and
32-dimensional hidden states (as it is done in [30, 21]) on all datasets except
alchemy full. Since the alchemy full dataset is considerably larger than the
others and involves 12 regression targets per graph, we increase the model
capacity by using 10 layers and 64-dimensional hidden states in both MPNNs.
For the NoMP models, we always use a single attention head with a hidden
dimension of 16 and a feedforward dimension of 16. This configuration was
chosen as it approximately matches the number of trainable parameters in
our MPNNs.

Lastly, we use 10-dimensional PEs in all cases. The only difference between
a model without PE and the same model with PE is that the initial node
state dimension is increased by 10. For the ECT computation, we always use
16 directions and 16 thresholds, and set the smoothing parameter for the
differentiable indicator functions (see Equation 2.3) to 128, except in the case
of the HIV dataset, where it is reduced to 64 in order to obtain a “smoother”
approximation. This was done to aim for a better gradient flow as in the HIV
dataset LEAP PE is applied on learned features. Finally, the configuration
of the different projection strategies for LEAP PE is kept fixed across all
considered datasets.
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Chapter 5

Results and Discussion

In this chapter, we present the results of our experiments comparing the
performance of LEAP PE against different baselines, across the various
architectures and datasets described in Section 4. Unless stated otherwise, all
results for LEAP PE correspond to the linear projection strategy. In the tables
and figures, we use LEAP rd to denote the l-ECT-based PE with fixed random
directions, and LEAP ld when the directions are learned during training.

5.1 Message Passing

In Table 5.1 we show the accuracy results of the GCN architecture for the
Computer Vision datasets from the TU Benchmark when using our approach
and the different baselines. Across all four datasets, LEAP PE, with either
random or learned directions, consistently outperforms the baselines. Within
the Letter datasets, the variant with learned directions achieves slightly higher
accuracy than the one with fixed random directions; however, the difference
between these two variants is substantially smaller than the performance gap
separating either of them from the other baselines. The largest margin is
observed in the Letter-high dataset, where the LEAP yields a relative accuracy
gain of ∼80% with respect to the worst-performing baseline (No PE).

In Table 5.2 we show the accuracy results of the GAT architecture for the
Computer Vision datasets from the TU Benchmark. The overall trend is
consistent with that observed for the GCN results (Table 5.1); across all four
datasets, LEAP PE consistently outperforms the baselines. Moreover, when
comparing these results to those in Table 5.1, the performance differences
between GCN and GAT are smaller than the accuracy gains obtained from
incorporating LEAP PE in either architecture.

In Table 5.3, the results for the Small Molecules datasets are presented. In all
cases, using LEAP PE with learnable directions yields the best results, beating
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Table 5.1: Accuracy results for different PE strategies when using a GCN architecture for multiple
Computer Vision datasets from TU Benchmark. Best results are bold green, second best are
green, and worst are red. For every dataset, our approach achieves the best and second best
results.

Letter-high Letter-med Letter-low Fingerprint

No PE 41.6 ± 4.1 63.5 ± 2.0 80.4 ± 1.0 48.8 ± 1.4
RWPE 60.9 ± 1.7 68.9 ± 2.7 83.2 ± 1.4 49.4 ± 0.6
LaPE 55.3 ± 2.6 75.8 ± 2.6 89.2 ± 1.2 48.1 ± 1.8

LEAP rd 72.2 ± 3.3 82.8 ± 1.4 95.2 ± 0.9 55.6 ± 1.1
LEAP ld 74.2 ± 1.5 83.6 ± 1.3 96.0 ± 0.9 54.7 ± 1.5

Table 5.2: Accuracy results for different PE strategies when using a GCN architecture for multiple
Computer Vision datasets from TU Benchmark. Best results are bold green, second best are
green, and worst are red. For every dataset, our approach achieves the best and second best
results.

Letter-high Letter-med Letter-low Fingerprint

No PE 41.9 ± 3.2 58.4 ± 3.7 89.4 ± 0.7 50.5 ± 0.6
RWPE 63.0 ± 3.0 69.0 ± 1.8 90.8 ± 1.5 50.4 ± 0.8
LaPE 54.7 ± 5.3 75.2 ± 2.3 89.6 ± 1.5 48.9 ± 1.0

LEAP rd 70.2 ± 2.2 82.4 ± 2.3 95.8 ± 0.8 55.1 ± 0.6
LEAP ld 73.5 ± 2.1 82.4 ± 1.6 95.1 ± 0.9 54.8 ± 2.1

all the baselines. Compared to the Computer Vision datasets (Tables 5.1
and 5.2), the performance differences between the various baselines and our
approach are less pronounced. This may be attributed to the considerably
smaller size of these datasets making it harder to profit from more complex
features. Indeed, in Table 5.3, the dataset exhibiting the largest accuracy gain
from the use of LEAP is DHFR, which is also the dataset with more graphs
among the three, although it is still considerably smaller than the Computer
Vision datasets.

Figure 5.1 illustrates the results for the alchemy full dataset. The best perfor-
mance is clearly obtained when using LEAP with learnable directions. More
generally, in the figure we also observe a clear benefit by incorporating posi-
tional encodings in both MPNNs, this is aligned with the results in Table 5.1,
and Table 5.1 and also with previous work on graph learning [12, 11]. Note
that R2 was reported instead of accuracy because this is a regression task
instead of a classification one.

Figure 5.2 presents the results for the HIV dataset. The results show a
high degree of variability, and this is the only case in which neither of the
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Table 5.3: Accuracy results for different PE strategies when using a GCN and GAT architectures
for multiple Small Molecules datasets from TU Benchmark. Best results are bold green, second
best are green, and worst are red. For every dataset-architecture combination, our approach with
learnable directions achieves the best result.

COX2 BZR DHFR

GCN GAT GCN GAT GCN GAT

No PE 77.9 ± 1.0 78.2 ± 0.6 81.9 ± 3.3 80.5 ± 2.0 71.6 ± 1.4 73.7 ± 1.8
RWPE 78.4 ± 0.5 79.0 ± 1.4 79.5 ± 2.2 78.3 ± 1.1 73.0 ± 2.4 70.9 ± 2.4
LaPE 78.4 ± 0.9 77.9 ± 1.0 80.3 ± 1.2 80.3 ± 1.2 70.4 ± 2.8 70.4 ± 2.7

LEAP rd 79.2 ± 0.6 78.4 ± 1.2 78.8 ± 0.6 79.3 ± 1.8 75.7 ± 3.0 75.7 ± 3.0
LEAP ld 79.4 ± 1.0 79.7 ± 2.0 82.5 ± 2.0 82.9 ± 2.9 77.8 ± 2.5 76.3 ± 2.2

(a) GCN (b) GAT

Figure 5.1: R2 results for different PE strategies on the alchemy full dataset using GCN and
GAT architectures. Best results are bold green, second best are green, and worst are red. Our
approach with learnable directions achieves the best result for both architectures.

two LEAP PE variants outperforms all baselines. Nevertheless, both LEAP
variants achieve higher accuracy than RWPE, which belongs to the same
PE category, namely local structural encoding. Using LaPE results in the
strongest performance, suggesting that global positional information, which
is not captured by the l-ECT, may be particularly relevant in this dataset.
Note that AUROC was reported instead of accuracy because this the two
categories of the classification task are heavily unbalanced.

5.2 No Message Passing

In Table 5.4 and Table 5.5 we report the accuracy results for the NoMP
architecture on the TU Computer Vision and TU Small Molecule datasets,
respectively. The overall trend is consistent with the results obtained using
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(a) GCN (b) GAT

Figure 5.2: AUROC results for different PE strategies on the HIV dataset using GCN and GAT
architectures. Best results are bold green, second best are green, and worst are red. LaPE
achieves the best result for both architectures. For both architectures one of the two variants of
our approach achieves the second best result

Table 5.4: Accuracy results for different PE strategies when using NoMP architecture for multiple
Computer Vision datasets from TU Benchmark. Best results are bold green, second best are
green, and worst are red. For every dataset, our approach achieves the best and second best
results.

Letter-high Letter-med Letter-low Fingerprint

No PE 63.4 ± 1.0 57.8 ± 0.9 89.7 ± 1.3 50.7 ± 0.5
RWPE 79.2 ± 1.4 84.5 ± 1.3 94.7 ± 1.0 51.3 ± 0.7
LaPE 65.0 ± 1.6 76.9 ± 2.5 91.1 ± 2.2 50.5 ± 1.2

LEAP rd 79.5 ± 1.2 86.0 ± 2.2 96.7 ± 0.8 55.7 ± 1.1
LEAP ld 79.4 ± 1.1 85.4 ± 1.5 96.4 ± 0.7 56.3 ± 1.4

GCN and GAT (Tables 5.1, 5.2, and 5.3): in all cases, LEAP PE, with either
random or learnable directions, outperforms the baselines.

An interesting observation arises for datasets such as Letter-high and Letter-
low, where using NoMP without any PE yields better performance than
MPNNs without PEs. This highlights the limitations of MPNNs, and how, in
some cases, even models without any information about the graph structure
can yield better results than these architectures.

5.3 Evaluation of ECT projection methods

To evaluate the different projection strategies that we proposed for LEAP
(see Section 3.2), we repeat all experiments on the classification datasets from
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Table 5.5: Accuracy results for different PE strategies when using NoMP architecture for multiple
Small Molecules datasets from TU Benchmark. Best results are bold green, second best are
green, and worst are red. For every dataset, our approach achieves the best and second best
results.

COX2 BZR DHFR

No PE 77.9 ± 0.8 79.8 ± 2.6 70.1 ± 3.4
RWPE 77.7 ± 1.3 80.9 ± 1.7 73.3 ± 1.5
LaPE 77.7 ± 1.0 81.2 + 3.2 70.5 ± 3.5

LEAP rd 79.0 ± 0.6 83.2 ± 1.7 74.3 ± 6.1
LEAP ld 78.6 ± 0.8 84.7 ± 2.7 74.9 ± 3.3

Table 5.6: Best approach (architecture, PE strategy, and projection strategy) and relative
accuracy improvement with respect to the worst performing baseline for TU classification datasets.
In all cases the best result was achieved using our PE strategy.

Dataset Best approach % Improv.

Letter-high NoMP LEAP ld 1D Conv 96.2
Letter-med NoMP LEAP ld 1D Conv 53.1
Letter-low NoMP LEAP ld 1D Conv 21.9
Fingerprint NoMP LEAP ld Linear 14.1
COX2 GAT LEAP ld Attn w/ PE 3.1
BZR NoMP LEAP ld Linear 8.2
DHFR GCN LEAP ld Attn w/ PE 10.7

the TU benchmark using the five proposed projection strategies, each with
both fixed and learned directions. The complete tables with these results
are provided in Appendix A. In most cases, no projection strategy clearly
outperformed the others. In the few situations where one did (e.g., GCN or
GAT for Letter-high), the linear projection yielded the best results.

As a summary of the results for different projection strategies, Table 5.6
reports the best combination of architecture, PE and projection strategy (if
applicable) for each TU classification dataset.

5.4 Synthetic dataset

Figure 5.3 shows the validation loss and accuracy on the Synthetic dataset
for GCN, GAT, and the ECT+MLP model. The ECT-based model converges
rapidly to 100% accuracy and near-zero loss, demonstrating its ability to
capture structural properties, which are independent of node features, such
as the number of connected components (the classification target in this task).
In contrast, GCN and GAT converge more slowly and plateau below 80%
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(a) Validation Loss (lower is better) (b) Validation Accuracy (higher is better)

Figure 5.3: Validation metrics per training epoch for the synthetic dataset for GCN, GAT, and
our ECT-based architecture. Our method achieves a perfect score in both metrics and also
converges faster. The shadows around the curves display the standard deviation over 5 runs. The
dashed line means that training of the model finished earlier because of early stopping.

accuracy, underscoring the limitations of these architectures.

Test accuracies were 71.83 ± 0.27 for GCN, 69.44 ± 0.82 for GAT, and 100.0 ±
0.0 for ECT, consistent with both validation and training results, confirming
that the weaker performance of GCN and GAT is not due to overfitting.
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Chapter 6

Conclusions and Future Work

In this thesis, we have presented LEAP a new local structural positional encoding
for graph learning based on the local Euler Characteristic Transform (l-ECT).
To the best of our knowledge, this is the first approach that integrates the
l-ECT into deep learning architectures in an end-to-end trainable fashion.
This allows both the directions of the transform and its projection to be
optimized jointly with the learning task.

Our experimental results show that the proposed PE achieves consistently
strong results across multiple architectures and datasets beating well estab-
lished baselines such as Laplacian Positional Encoding (LaPE) and Random
Walk Positional Encoding (RWPE). Moreover, our evaluation also shows that
learning the directions of the transform improves model performance in most
of the evaluated tasks, highlighting the benefits of making this step trainable.

In addition to real-world datasets, we also designed a synthetic dataset aimed
at evaluating the ability of our approach to capture structural properties of the
graphs independently of node features. On this task, our approach achieved
perfect accuracy, clearly demonstrating its ability to capture topological
information that the evaluated message passing architectures (GCN/GAT)
alone failed to recover.

Taken together, these results underline the potential of l-ECT-based encodings
as a promising component in graph learning pipelines. In particular, they
are well suited for architectures that rely on global attention mechanisms,
where the graph structure is not directly taken into account by the model and
multiple positional encodings are often combined to capture complementary
aspects of graph structure. We expect that LEAP can provide valuable local
structural information in such settings.
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6.1 Future Work

We highlight several future research directions related to our work that we
identify as particularly interesting:

Broader evaluation Extending our experiments to additional datasets and
tasks, particularly in settings where LEAP is applied to learnable features,
could provide valuable insights. Different PEs capture complementary as-
pects of graph structure. Thus, combining LEAP with other PEs or em-
bedding it within more sophisticated architectures may further improve
performance.

Threshold optimization Rather than fixing the thresholds of the discretized
ECT uniformly, they could be treated as trainable model parameters. The dif-
ferentiable ECT (Equation 2.3) is differentiable with respect to the thresholds
in the same way that it with respect to the directions.

ECT as pooling and convolution Since the l-ECT PE provides a fixed size
representation for variable size neighborhoods in a featured graph, future
work could explore using the ECT as a pooling operator. Another direction
is to design l-ECT-based convolutional layers, where the ECT serves as the
aggregation step in message passing neural networks (see Equation 2.1.1)

Gradient flow An interesting direction is to study how the hyperparameters
of LEAP influence training dynamics. In particular, it would be useful to
investigate how the gradient flow is affected by the scale parameter of the dif-
ferentiable ECT and by the normalization strategy for m-hop neighborhoods
in the l-ECT based PE.
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Appendix A

Additional Results

In this appendix we provide additional results that explore the performance of
our proposed PE in different settings and when different projection strategies
are used.

In Table A.1 we display the accuracy results for the TU Computer Vision
datasets for GCN and GAT architectures making different use of the PEs. In
Table A.2 we show the results for the same experiments but for the Small
Molecules datasets. In particular:

• PE name, no features: the graph neural network only received the PE of
each node as features, without the original node features.

• PE name, learnable PE: follows the approach of using a learned PE at
each message passing steps described by [12]. The indicated PE is used
as additional node features before the first message passing step. From
there onward, the PE of each node is updated at each message passing
step taking into account the current PE and the PE of the neighbors.

• LEAP + RWPE: the architecture uses as PE the concatenation of our
l-ECT based PE with RWPE.

• LEAP at each step: our proposed PE is computed on the node features at
each message passing step and appended to the node features before
applying the next step.

In Table A.3 and Table A.4 we display the accuracy results for the experiments
with different projection strategies for LEAP PE (see Section 3.2). These are
the results omitted in Section 5.3 in the Results chapter (Chapter 5).

In Figure A.1 and Figure A.2, we show the validation accuracy on the Letter-
high and Letter-low datasets for our proposed PE and the baselines (No PE,
RWPE, and LaPE). For both datasets, using LEAP not only yields higher
accuracy but also accelerates model convergence. This behavior is consistent
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A. Additional Results

Table A.1: Complementary accuracy results for GCN and GAT for TU Computer Vision datasets
exploring multiple ways of integrating LEAP PE.

Letter-High Letter-Med Letter-Low Fingerprint
GCN GAT GCN GAT GCN GAT GCN GAT

RWPE, no features 31.0 ± 2.3 31.3 ± 3.8 33.2 ± 2.4 33.3 ± 2.4 37.3 ± 0.9 37.4 ± 1.5 26.8 ± 1.4 27.5 ± 1.0
LEAP rd, no features 68.2 ± 1.4 68.8 ± 1.2 78.8 ± 1.0 76.8 ± 1.4 93.1 ± 1.1 93.2 ± 1.5 50.6 ± 1.9 50.5 ± 0.9
LEAP rd, learnable PE 73.5 ± 1.4 73.2 ± 1.1 84.0 ± 1.4 84.5 ± 2.3 95.7 ± 1.2 96.4 ± 0.8 55.7 ± 1.6 55.1 ± 55.1
LEAP rd + RWPE 75.1 ± 1.5 72.7 ± 1.5 84.3 ± 2.1 83.8 ± 2.1 96.1 ± 0.9 95.3 ± 0.8 56.0 ± 0.7 55.0 ± 0.4
LEAP rd at each step 71.1 ± 1.8 70.7 ± 2.6 83.9 ± 0.6 84.4 ± 0.8 95.7 ± 0.9 95.6 ± 1.2 54.1 ± 1.2 54.6 ± 1.3
LEAP ld at each step 70.0 ± 3.1 70.7 ± 1.6 83.2 ± 1.8 82.8 ± 1.6 95.7 ± 0.8 95.6 ± 0.9 54.5 ± 1.7 53.8 ± 1.4

Table A.2: Complementary accuracy results for GCN and GAT for TU Small Molecules datasets
exploring multiple ways of integrating the l-ECT PE.

COX2 BZR DHFR
GCN GAT GCN GAT GCN GAT

RWPE, no features 78.2 ± 0.5 78.2 ± 0.5 78.8 ± 0.6 78.8 ± 0.6 60.9 ± 0.1 60.9 ± 0.1
LEAP rd, no features 78.2 ± 0.5 78.2 ± 0.6 78.8 ± 0.6 80.2 ± 2.3 60.9 ± 0.1 75.3 ± 1.7
LEAP rd, learnable PE 78.4 ± 1.6 78.2 ± 0.9 81.2 ± 2.7 82.9 ± 2.9 66.7 ± 3.2 76.1 ± 1.7
LEAP rd + RWPE 78.6 ± 0.8 79.0 ± 1.1 81.7 ± 2.5 81.2 ± 1.4 77.9 ± 3.7 77.8 ± 2.5
LEAP rd at each step 79.2 ± 1.4 78.8 ± 0.9 79.8 ± 2.4 81.7 ± 2.4 75.0 ± 2.5 75.5 ± 3.8
LEAP ld at each step 78.2 ± 0.5 78.2 ± 1.4 81.5 ± 2.6 80.7 ± 2.7 75.7 ± 3.1 76.3 ± 3.1

Table A.3: Accuracy results for multiple TU Computer Vision datasets when using different
projection strategies of the l-ECT based PE with fixed and learnable directions for different
models.

Model Proj. Letter-high Letter-med Letter-low Fingerprint
Method fixed dir learn dir fixed dir learn dir fixed dir learn dir fixed dir learn dir

GCN

Linear 72.2 ± 3.3 74.2 ± 1.5 82.8 ± 1.4 83.6 ± 1.3 95.2 ± 0.9 96.0 ± 0.9 55.6 ± 1.1 54.7 ± 1.5
Attn 59.8 ± 2.8 62.7 ± 2.6 74.4 ± 1.5 73.9 ± 4.6 92.3 ± 1.3 94.5 ± 1.4 53.0 ± 1.9 54.4 ± 1.2
Attn PE 67.2 ± 1.5 68.6 ± 1.8 82.0 ± 0.8 82.9 ± 2.2 95.8 ± 1.1 94.7 ± 1.6 54.1 ± 1.3 55.1 ± 1.2
DeepSets 59.2 ± 1.9 63.4 ± 2.1 72.4 ± 0.6 76.0 ± 1.1 91.4 ± 1.8 92.0 ± 0.6 52.3 ± 1.3 54.1 ± 1.3
1D Conv 66.4 ± 2.8 63.1 ± 3.2 81.6 ± 1.5 81.7 ± 3.5 94.2 ± 1.5 93.4 ± 1.4 55.6 ± 1.1 54.0 ± 2.2

GAT

Linear 70.2 ± 2.2 73.5 ± 2.1 82.4 ± 2.3 82.4 ± 1.6 95.8 ± 0.8 95.1 ± 0.9 55.1 ± 0.6 54.8 ± 2.1
Attn 62.0 ± 1.2 62.9 ± 3.1 75.0 ± 2.1 79.7 ± 1.4 94.4 ± 0.1 93.4 ± 1.0 52.0 ± 1.3 53.5 ± 1.5
Attn PE 66.7 ± 2.0 65.0 ± 3.5 83.2 ± 1.1 79.3 ± 2.4 94.0 ± 1.3 95.1 ± 1.1 54.5 ± 1.8 54.5 ± 1.8
DeepSets 58.8 ± 2.6 56.4 ± 4.3 75.4 ± 3.1 76.6 ± 2.3 94.6 ± 1.4 93.1 ± 1.3 52.9 ± 2.2 51.0 ± 1.1
1D Conv 67.3 ± 2.0 68.1 ± 1.3 80.9 ± 1.3 80.5 ± 2.8 93.6 ± 2.0 95.2 ± 0.9 54.8 ± 1.5 54.9 ± 0.7

NoMP

Linear 79.5 ± 1.2 79.4 ± 1.1 86.0 ± 2.2 85.4 ± 1.5 96.7 ± 0.8 96.4 ± 0.7 55.7 ± 1.1 56.3 ± 1.4
Attn 79.0 ± 1.78 81.3 ± 1.9 84.8 ± 0.9 86.5 ± 2.6 96.1 ± 0.6 97.2 ± 0.8 53.8 ± 0.7 54.8 ± 1.2
Attn PE 81.3 ± 1.9 80.6 ± 3.6 88.0 ± 1.9 86.5 ± 2.2 96.3 ± 0.8 96.2 ± 1.2 54.8 ± 1.4 55.3 ± 1.1
DeepSets 78.0 ± 2.0 79.2 ± 1.9 86.0 ± 2.2 87.5 ± 2.0 96.3 ± 0.6 96.6 ± 0.8 54.0 ± 0.4 54.3 ± 1.0
1D Conv 81.1 ± 0.9 81.6 ± 1.9 87.0 ± 2.0 88.5 ± 2.5 97.2 ± 0.3 98.0 ± 0.4 54.5 ± 1.0 54.1 ± 0.4

with what we observed on the synthetic dataset (see Section 5.4) and was
also observed during training on other datasets.
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Table A.4: Accuracy results for multiple TU Small Molecules datasets when using different
projection strategies of LEAP PE with fixed and learnable directions for different models.

Model Proj. COX2 BZR DHFR
Method fixed dir learn dir fixed dir learn dir fixed dir learn dir

GCN

Linear 79.2 ± 0.6 79.4 ± 1.0 78.8 ± 0.6 82.5 ± 2.0 70.9 ± 3.2 74.9 ± 4.0
Attn 78.4 ± 1.3 79.0 ± 0.9 81.7 ± 2.8 82.5 ± 1.6 74.1 ± 5.2 77.3 ± 4.1
Attn PE 78.2 ± 1.2 78.8 ± 1.3 82.5 ± 2.4 82.5 ± 3.1 73.2 ± 3.7 77.6 ± 2.8
DeepSets 78.2 ± 0.6 79.0 ± 1.2 79.0 ± 1.2 81.7 ± 3.5 71.2 ± 2.6 73.3 ± 3.6
1D Conv 78.0 ± 1.2 79.2 ± 2.0 79.8 ± 1.9 82.5 ± 2.7 71.7 ± 1.2 76.7 ± 3.4

GAT

Linear 78.4 ± 1.2 79.7 ± 2.0 79.3 ± 1.8 81.7 ± 2.4 75.7 ± 3.0 76.3 ± 2.2
Attn 78.4 ± 0.5 78.8 ± 0.8 82.0 ± 3.4 82.2 ± 2.1 74.9 ± 3.1 73.3 ± 2.8
Attn PE 78.8 ± 0.8 80.1 ± 2.2 82.0 ± 3.2 79.5 ± 0.7 73.2 ± 3.1 75.9 ± 5.8
DeepSets 79.2 ± 1.6 79.7 ± 1.8 81.2 ± 2.0 82.7 ± 4.7 71.2 ± 4.1 76.5 ± 3.8
1D Conv 78.4 ± 0.9 78.6 ± 1.7 81.7 ± 4.0 83.7 ± 2.9 70.6 ± 2.3 75.7 ± 1.5

NoMP

Linear 79.0 ± 0.6 78.6 ± 0.8 83.2 ± 1.7 84.7 ± 2.7 74.3 ± 6.1 74.9 ± 3.3
Attn 78.2 ± 0.5 78.2 ± 0.5 81.7 ± 2.8 79.0 ± 0.9 68.3 ± 5.7 71.7 ± 4.1
Attn PE 78.4 ± 0.4 77.7 ± 1.5 78.8 ± 0.6 78.8 ± 0.6 64.2 ± 4.8 72.1 ± 3.7
DeepSets 78.4 ± 0.8 78.0 ± 0.5 83.2 ± 2.1 82.0 ± 2.8 69.5 ± 3.0 72.6 ± 3.6
1D Conv 78.0 ± 1.9 78.1 ± 1.1 81.0 ± 1.7 79.3 ± 1.8 71.6 ± 3.2 75.7 ± 2.7

Figure A.1: Validation accuracy per training epoch the Letter-high dataset for different PE
strategies using a GCN architecture. Our method achieves the best results The shadows around
the curves display the standard deviation over 5 runs. The dashed line means that training of the
model finished earlier because of early stopping.
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A. Additional Results

Figure A.2: Validation accuracy per training epoch the Letter-med dataset for different PE
strategies using a GCN architecture. Our method achieves the best results The shadows around
the curves display the standard deviation over 5 runs. The dashed line means that training of the
model finished earlier because of early stopping.

46



Appendix B

Qualitative insights

B.1 Insights on NoMP vs MPNN

As we mentioned in Subsection 5.2, for the Letter-high and Letter-low datasets,
using NoMP without any PE yielded better performance than using the
MPNNs without PEs. This is an interesting result as the NoMP model
without PE does not have any information about the graph structure.

Despite this, we observe that taking into account the graph structure is
beneficial for the tasks at hand, as the best overall results on these datasets
are obtained when some PE is used. This finding highlights the shortcomings
of MPNNs: although they exploit the graph structure, they impose other
limitations that, in certain cases, can damage performance.

To gain a better understanding of what is happening in this particular case,
we visualized some of the graphs from the dataset together with the attention
coefficients between nodes learned by the NoMP model. An example of this is
shown in Figure B.1. What we see there is that, according to the NoMP model,
the information from node 4 is very relevant for every other node. However,
when using a MPNN only node 0 has direct access to the information in
node 4 as it is its only neighbor. This type of behavior was a common pattern
for the graphs that we visualized.

B.2 Visualizing ECT directions

Our results showed that, in general, learning the directions of the ECT is
beneficial. To gain some insights on this process we visualized the learned
directions for some of the evaluated tasks where node features where 2-
dimensional.

In Figure B.2 we show the initial random directions used for the synthetic
dataset, as well as the learned directions obtained for different values of
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B. Qualitative insights

(a) Original graph. (b) Graph from attention matrix.

(c) Adjacency matrix (d) Attention matrix

Figure B.1: Visualization of a graph randomly sampled from the Letter-high dataset and its
adjacency matrix. We also show the learned attention coefficients after training the NoMP model
and the graph that results by keeping the original nodes and adding edges when attention between
two nodes is above 0.01.

the smoothing parameter in the differentiable ECT (see Equation 2.3). We
observe that, in general, each direction deviates less from its corresponding
initial one when the differentiable ECT is “less smooth” (i.e., when the scale
parameter is higher). This trend was observed also for the other datasets
where we conducted this visualization.

Moreover, by the way in which the synthetic dataset was built, all possible
directions in the space should, a priori, be equally relevant. This intuition is
confirmed when the smoothing parameter is set to 2, as the learned directions
tend to spread more evenly “trying” cover the circumference uniformly.

In Figure B.3 we show the initial random directions used when training
a GCN with l-ECT based PE on the Letter-high dataset. In this case we
use a smaller number of directions. We observed that, when doing this,
some of the directions may deviate more from their original position even
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B.2. Visualizing ECT directions

(a) Original random directions. (b) Learned with scale = 128. (c) Learned with scale = 2.

Figure B.2: Visualization of the ECT directions for the model trained on our synthetic dataset.

(a) Original random directions. (b) Learned with scale = 32. (c) Principal components

Figure B.3: Visualization of the ECT directions for a model trained on Letter-high dataset. In
subfigure (c) we show the two principal components of the node features and their variance.

if the scale is not so low. This may be happening, as the model tries to
capture an “important” direction in the dataset for which none of the original
random ones is close enough. For example, in Subfigure B.3b we see that
two directions experimented a significant change and became much more
aligned with the vertical axis. If we check the main PCA directions of the
node features and their associated variance (Subfigure B.3c), we also see that
the PCA direction with highest variance is also almost vertical.
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